In this paper, we investigate the distribution of the zeros of some high differential-difference polynomials and obtain some uniqueness theorems with regard to it. MSC: 30D35; 34M10
Introduction and main results
In this paper, a meromorphic function always means it is meromorphic in the whole complex plane C. We assume that the reader is familiar with the standard notations in the Nevanlinna theory. We use the following standard notations in value distribution theory (see [ 
And we denote by S(r, f ) any quantity satisfying

S(r, f ) = o T(r, f ) , as r → ∞,
possibly outside of a set E with finite linear measure, not necessarily the same at each occurrence. A meromorphic function a(z) is said to be a small function with respect to f (z) if T(r, a) = S(r, f ). We say that two meromorphic functions f (z) and g(z) share the value a IM (ignoring multiplicities) if f (z) -a and g(z) -a have the same zeros. If f (z) -a and g(z) -a have the same zeros with the same multiplicities, then we say that they share the value a CM (counting multiplicities). A polynomial Q(z, f ) is called a differential-difference polynomial in f if Q is a polynomial in f , its derivatives and shifts with meromorphic coefficients, say {a λ |λ ∈ I}, such that T(r, a λ ) = S(r, f ) for all λ ∈ I. We define the difference operators f = f (z + ) -f (z) and n f = n- ( f ).
In , Laine and Yang [] considered zeros of one certain type of difference polynomials and obtained the following theorem. Liu [] considered the case of general difference products of a meromorphic function and made relevant improvements to Theorem A. Recently, a number of papers [, ] focusing on the distribution of zeros of some difference polynomials of differential types emerged. In this paper, we consider the general differential difference cases in some sense and obtain some results as follows.
Theorem  Let f be a transcendental entire function of finite order and α(z) ≡  be a small function with respect to f (z). If one of the following conditions holds:
Theorem  Let f be a transcendental entire function of finite order and m f ≡ , and
has infinitely many zeros. for a nonzero integer n.
Theorem  Let f be a transcendental meromorphic function of finite order, λ be a nonzero constant, and α(z) ≡  be a small function with respect to f (z). If n
In this paper, we also consider a more general class of difference equation related to Theorem B and Theorem C and obtain the following results, which generalize the above related results.
Theorem  Let p, q be two polynomials and m ≥ , n be two positive integers. Then the difference equation
has no transcendental entire function of finite order. 
Theorem  Let q(z) be a nonconstant polynomial and b, c be two nonzero constants. Then the difference equation
f  (z) + q(z) m f = c sin bz ()
Some lemmas
To prove our results, we need some lemmas as follows.
Lemma  (see []) Let f (z) be a transcendental meromorphic function with finite order. Then
Lemma  (see [] ) Let f (z) be a transcendental meromorphic function with finite order σ and η be a nonzero complex number, then for each ε > , we have 
Proof On the one hand, from Lemma , Lemma , and the standard Valiant-Mohon'ko theorem, we obtain
on the other hand, by Lemma  once again, we obtain
Combing the two equations above, we can get our conclusion immediately.
Lemma  Let f (z) be a transcendental entire function with finite order and
Proof It is obvious that the difference operator m f can be expressed in the following form:
where α i (i = , . . . , m -) are some integers. By Lemma  and the equation above, we can deduce that
Then from the standard Valiant-Mohon'ko theorem and the equation above, we can obtain
The proof of Lemma  is completed. 
Then f j (z) ≡  (j = , , . . . , n).
Lemma  (see []) Let f be a nonconstant meromorphic function and p, k be positive integers. Then
Remark N p (r, 
Lemma  (see []) Suppose F and G are two nonconstant meromorphic functions. If F and G share  CM, then one of the following three cases holds:
(i) max {T(r, F), T(r, G)} ≤ N  (r,  G ) + N  (r, G) + N  (r,  F ) + N  (r, F) + S(r, F) + S(r, G); (ii) F ≡ G; (iii) F · G ≡ .
The proof of theorems
The proof of Theorem  Denote F(z) = f n (z)f m (z + ). From the definition of F and Lemma , we obtain
T(r, F) = (m + n)T(r, f ) + S(r, f ), () http://www.advancesindifferenceequations.com/content/2012/1/160
which means F is also a transcendental entire function. On the contrary, we suppose that F (k) -α(z) has only finitely many zeros, then we obtain
Applying the second main theorem for three small functions to the entire function
we can obtain
F).
And by applying Lemma  to the right side of the equation above, we can obtain
That is to say
Combing Equations ()-(), we obtain
Next, we discuss the following two cases separately. Case . If m ≤ k + , then from the definition of F again, we can obtain
Then, based on the equation above, Equation () becomes
which contradicts our assumption n ≥ k + . Case . If m ≥ k + , then in the similar way as in Case , we can obtain
which also contradicts our assumption n ≥ k +  -m. Therefore, 
Then in the similar way as in Theorem , we can obtain
Thus, we can deduce
which contradicts our assumption n ≥ k +. Thus we proved F (k) -α(z) has infinitely many zeros. The proof of Theorem  is completed.
The proof of Theorem
On the contrary, suppose that
has only finitely many zeros. Then from the definition of F, we can obtain obviously that
which means F is also a transcendental entire function. Applying the second main theorem for three small functions to function F, we obtain
In other words,
which contradicts our assumption n ≥ m + . So we proved F(z) -α(z) has infinitely many zeros. The proof of Theorem  is completed.
The proof of Theorem  Set
Then F and G share  CM. From the definition of F, G and Lemma , we obtain
and (n -m)T(r, g) + S(r, g) ≤ T(r, G) ≤ (n + m)T(r, g) + S(r, g). ()
From the definition of N  (r,  F
) and Lemma , we obtain
In the similar way, we can obtain
Next, we consider three cases according to Lemma . Case . Suppose the first equation in Lemma  holds. Then by Equations ()-(), we obtain
max T(r, F), T(r, G) ≤ ( + m) T(r, f ) + T(r, g) + S(r, f ) + S(r, g).
()
But by Equations (), (), and (), we obtain
which is impossible when n ≥ m + . http://www.advancesindifferenceequations.com/content/2012/1/160
Case . Suppose F ≡ G holds. That is to say
, and suppose it is a nonconstant meromorphic function.
. By Lemma , we obtain
which is also impossible when n ≥ m + . So h n (z)h m (z + ) ≡ .
into Equation (), we obtain
(r, h) + S(r, h).
Applying the second main theorem to H := h n (z)h m (z + ) and noting the equation above, we obtain
)T(r, h) + S(r, h).
That is to say,
which is impossible when n ≥ m +. Thus, we obtain h is a constant such that h n = h m = .
Furthermore, if (m, n) = , then h =  and f ≡ g.
The proof of Theorem  is completed. The proof of Theorem  is completed.
The Proof of Theorem
